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Abstract

We study varieties of associative algebras over an infinite field. We prove that any variety is
generated by an algebraic algebra of bounded degree over a commutative algebra and determine
when it can be generated by an algebraic algebra over a field. We also give upper and lower
bounds for the minimal algebraic degree of the algebra M,(G). © 1998 Elsevier Science B.V.
All rights reserved.

It is well known that an algebraic algebra of bounded degree n is a Pl-algebra,
satisfying, for example, the identity

Z (=1 x™ Oy oMy yx™M =0,
o€S(n+1)

We prove the following theorem.

Theorem. Any proper variety of associative algebras over a field of characteristic 0
can be generated by an algebraic algebra of bounded degree over some commutative
algebra.

Thus, for any Pl-algebra A, there exists an algebraic algebra of bounded degree
which has the same identities as A.

Let A be an associative algebra over a commutative ring R. An arbitrary R-linear
mapping 7r:4—R will be called a trace. For example, in the full matrix algebras
M,(F) over a field F, the mapping 7r can be defined by the formula

n

n
Tr E a,»je,-j = E ai.
i=1

ij=1

Note that we do not require that the trace satisfy the condition Tr(aya;)= Tr(asa; ).
Let X be a countable set, and let F(X) denote the free associative algebra (with-
out unit) over a field F generated by the set X. Denote by 7T the free associative
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and commutative algebra with unit generated by all the elements Tr(u), where u are
nonempty words over X. We call the algebra F(X)=F(X)®T the free algebra with
trace. We will omit the symbol ® below. The elements of the algebra F(X) will be
called polynomials with trace. Any polynomial with trace can be written as an F-linear
combination of the monomials

uoTr(uy) -~ - Tr(u,),

where u; € F(X).

Let 4 be an algebra with trace and f(xj,...,x,) a polynomial with trace. We say
the algebra A4 satisfies the identity with trace f(x,...,x,)=0 if for any a,,...,a, €4
the equality f(aj,...,a,)=0 is satisfied in 4.

Polynomials with trace are said to have Cayley—Hamilton form of degree n if they
have the form

x" + Z A Tr(x")- - Tr(x"),
(@)

where (i) = (i, i1,...,i;) are various collections such that
n> 2, h+in+---+i=n iy <n

Since char F =0, the linearity of 7r implies by the usual multilinearization pro-
cess that any trace identity is equivalent to a multilinear trace identity. The full ma-
trix algebra of order n clearly satisfies the following identity with trace: X,(x)=0,
where X,(x) is a Cayley-Hamilton polynomial defined recursively by the
formulas

X@)=x - T, K0 =Xers (@) 2~ - Tr(Xas () 0)

Thus, the matrix algebra satisfies an identity of Cayley—Hamilton form. An arbitrary
finite-dimensional algebra 4 can be embedded in algebra of matrices of finite order;
therefore, a map 7r:A—F can be defined in 4 so that the algebra A satisfies some
identity with trace of Cayley—Hamilton form.

Consider 4 ®r G, where A is an arbitrary finite-dimensional algebra over a field F,
char F =0, and G is the Grassmann algebra of countable rank. Then G=Gy & G\,
where Gy (resp. G1) is the subspace of G generated by the words of even (resp. odd)
length. Since C(G)= Gy is the centre of G, the algebra 4 ®r G can be considered as
an algebra over the commutative algebra Gj.

If Tr is defined on the algebra A4, then we define the Gy-linear mapping 7r in A®r G
as follows:

Tr(a®g)=Tr(a)-Tr(g), acA, g€aG,

def
where Tr(g) = Tr(go + g1)=go. 9€ G, go € Go, g1 €Gi.
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Since Gy = C(G), the mapping 7r in the algebra 4 ®F G is defined correctly.

Theorem 1. Any proper variety of associative algebras over a field of characteristic 0
can be generated by an algebraic algebra of bounded degree over some commutative
algebra.

Proof. Indeed, by the theorem of Kemer [1], any proper variety of associative algebras
is generated by the Grassmann hull of some finite-dimensional superalgebra. Thus, it
is sufficient to prove that Grassmann hull of an arbitrary finite-dimensional super-
algebra satisfies some identity with trace of Cayley—Hamilton form. This implies that
the Grassmann hull is an algebraic algebra of bounded degree over the commutative
algebra Gy. We prove it in more explicit form.

Lemma 1. If an algebra A satisfies multilinear identity of Cayley—Hamilton form
of degree n, dim A =m, then the algebra A @r G satisfies some identity of Cayley—
Hamilton form of degree n(mn + 1).

Proof. Let {a),....an} be a basis of 4, dmA=m and f(x,...,x,)=0, deg f =n

be a multilinear identity with trace equivalent to a Cayley—Hamilton identity which is
satisfied in 4. Trivially, it is sufficient to prove that A ®¢ G satisfies the identity

(f(x1,...,x )™ =0.
Consider arbitrary elements by,...,b, €4 Qf G,

m
1 !
b= a®d). gH€G I=1,..n

and substitute them into the given identity with trace. Since the polynomial f(xi,...,x,)

is multilinear, we obtain
m mn+1
(1) (n)
( @iy @G- Za,’,@g(:’ ))
11 1

in=1

(f(br,....b)Y"H =

Il

mn+1

1 1
Z f ai, ® gotll)) + glEll))> i, ® <g0(1 ) + glg) >>

.,m}. We notice go )e Go, glg)) €G.

mn+1
(Zf a,‘®g(”), a’"®gw)
{1,

where (i)=(i1,...,1n), i €
Divide the sum

1
Y CRICAT: ,) o (a0l

(i)
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into two parts, where the first part consists of the summands of the form
1
f (a,-l &® go?il)), e @, @ g@;’:,)

and the second one consists of all the other summands.

Since Gp = C(G) and the mapping Tr is Gy-linear the first part equals 0 in 4 RfG,
because the algebra A satisfies the identity f(xj,...,x,)=0.

Note also that if P,(x;,...,x,) is an arbitrary multilinear polynomial with trace and
p:€{0,1} then

P, <a,—I ®gf}l),_..,aiﬁ ®g§;"’)) =P <a,~1,...,a,-"> ®gf711) . ..gg:),

where P/ is some other multilinear polynomial with trace.
Denote uj=g§)1,)(,-l) : -~g£,',',)”"), if there exist 1€ {1,...,n} such that p,=1. Then we
obtain
mn+1
1 ()
Z [f (ail @ goiil))" ey, @ gl},":))) ++ f(ail ® gl(,'l)a ey djy ®glg‘:)))
()

mn+1
2"—1

2D S @

(5 Jj=1

mn+1
Z ,:H fj,(ai].,,...,a,-n‘,)

) L =1

I

Qujy jy U, = 0.

Here (j)=(Jj1,...,Jmns1), Where j,€{1,...,2" — 1}, and
(i):(il,ts-“,in,t) where il,,E{l,...,m}.

Indeed, every word of the form u; contains at least one element of the set L=
{glﬁi,...,glg,ln’),...,gIET;,...,glz:;))}CG]. Since card L=nm, all words of the form
uj +--u;, . contain two identical elements from L. Therefore, using g =0, where

g1 € Gy, obtain u; - uj, ---uj, . =0. Thus the lemma is proved. [J

As observed above, an arbitrary finite-dimensional superalgebra A satisfies some
multilinear identity with trace of Cayley—Hamilton form. Hence, by Lemma 1 the
Grassmann hull of A also satisfies a Cayley—Hamilton form identity with trace. Hence
the theorem is proved. [

We remark it is not true that any variety of associative algebras is generated by an
algebraic algebra of bounded degree over a field.

Theorem 2. A variety of associative algebras over a field of characteristic 0 is gen-
erated by an algebraic algebra of bounded degree over a field if and only if it can
be generated by some finite-dimensional algebra.
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Proof. Let B be an algebraic algebra of degree n over a field F. Let N be the nil-
radical of the algebra B. Then N satisfies the identity x* = 0 and, by the Nagata—Higman
theorem, N is nilpotent. The quotient algebra B/N has no nonzero nil-ideals, hence it
satisfies the standard identity of some degree. It means the algebra B satisfies the
identity

Se(xt, Xk ) Se(Xeg1s - X2 ) - - Se(Eke—1y410- - - Xk ) = 0.

The last identity obviously is not satisfied in the Grassmann algebra. Therefore,
by the theorem of Kemer [1], Var(B) can be generated by some finite-dimensional
algebra C.

The converse assertion is trivial because a finite-dimensional algebra is always an
algebraic algebra of bounded degree. Hence Theorem 2 is proved. [

Lemma 1 gives us an upper bound for the minimal degree d of the Cayley—Hamilton
form identities of the algebra M,(G)=M,(F)®r G:d <n*+n. Now we give the lower
bound for this degree.

Theorem 3. If the algebra M,(G) satisfies some multilinear identity with trace of
Cayley—Hamilton form Py(xy,...,x4)=0 then d >2n.

Proof. Assume deg P; <2n. Consider the matrix units e, e2,€22,€23,€33, .- ., €n—1n» Enn-
There are 2n — 1 of them; therefore, we can choose of them the first d among them
and make the substitution (below we assume d =2n — 1)

xX1=e1 @431, X=€28®712, X3=€2QJ13,.-.,Xd = €np DY 14.

Here g1, ¢12,---, g14 are arbitrary elements from G,. But by the definition of the trace

Tr(a®g1)=Tr(a)- Tr(g1)=1Tr(a)- 0,and g1, - - - - - G1ip,, € G1, if G1irs -5 Gy, € G1.
Hence, all monomials which are contained in P; and have a subword of the form
Tr(x; - -+ -xg,,) vanish. Consider the trace of even length Tr(x; - --- -xp, ). After
substitution we obtain
Tr(e;;, ®@g1, "+ i Qgre) =Tr(ei; - -+ ~€injn, ®G11- -+ ~g12k)
e Tr(eiljl e eizkak )'g]l c e o1k
=0g11- - g1 =0.
Since ¢;,,,...,€pn,, are matrix units from the given set, either ¢;; - --- -, ;, =0, or
€yt iy = €ijy, and since 2k> 1, i1 <jy and we have Tr(e; - - - - €)=
Tr(ei,j,, ) =0. Thus, any monomial containing the symbol 7r vanishes after substitution.
It is evident that all the other monomials also vanish except x;-x, - --- -x4. Hence,
Pi(en1 ®gi1,--,€dd@gra)=¢ein- - - em®@gu1- -+ Jua=e,nDgu- - - ga 7 0.

Thus, any identity with trace of Cayley—Hamilton form of degree less than 2n is not
satisfied in the algebra M,(G). Theorem 3 is thus proved. [
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Consider an associative algebra B with unit over an infinite field of arbitrary char-
acteristic. Let I" be the ideal of identities of the algebra B. Let us prove the following
lemma.

Lemma 2. Let T be the T-ideal of F(X) generated by commutators. Consider any
f-9€FX). If f&T, g&I, then f-g¢I.

Proof. Consider the homogeneous in all variables components of f-g. Since I is a
T-ideal over infinite field it is enough to prove at least one of homogeneous components
of f-g does not belong to I'. Let us order the homogeneous components of an element
of F(X) lexicographically on the degrees of the variables.

Denote by # a minimal homogeneous component of f which does not belong to 7.
It exists because f ¢ T.

It is well known that any polynomial g can be written in the form

g=>_ hg; (1
i=1

where h,' =Xj Xiy + - Xips Nn<ip< - <ip and
gi = Z a(j)[le,xh, e ,xj,] e [xkl,xkz, een ,xkn],
()}
g; are homogeneous in all variables.
Since g ¢ I', there exist g; ¢ I' in the form (1). Let § be the minimal g; satisfying
this condition, and 4 is the minimal of multipliers #; corresponding to § in (1).

Consider the homogeneous in all variables component of f-g of the same degrees
as fhg. It can be written in the form

qCjsee s Xm) = F Oy Y RO X0 )G - -3 Xm,)
+Zfi1 - By - é+2ﬁ2- hiy- g, (modT),
i i
where f;, f;, are homogeneous components of /" and h; g, h;,g;, are the components
of g. The choice of § and 4 implies g;, > g, h;, > h and because of homogeneity f;, < f.

Let us change all variables of g the polynomials f - hand § depend on at the same
time by z’s and the other variables of /- 4 by y’s with the same indices. Then

q()’j.,---,)’l,nzj,,“,.--,21,,xm1,...,xmv,)
= f(J’jp-u,)’j,,szjr,“,...,zjr)
X (Y153 VisZju, o209 Emys oo Xy s Zmy 5+ 2 Zm, )

+Zfi1 - by, Q+Zﬁ2- hiy- gi, (modT).

i
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Consider the partial linearization of ¢ on all variables z;:

q(yjla"'szla""xmv/ )lz,:y,—xI - q(yjls . '9yl:v"'5xml,/) - ‘I(yjl,---axl,---yxmv/ )

Let 4 be its homogeneous component with the same degrees in x’s as degrees of g.
Obviously, it is enough to prove §¢ I

Since deg, G(¥)s---s Vi sXm;s- -+ Xm, ) =deg, G(Xm>..-,%m,) for any me{m,...,
m,}, modulo I" § is a sum of polynomials

FGprsee s 2 YW1 21)5 s Xm, )
doFhg,

where § are partial linearizations of § depending on y’s,
S i GG xm ),

where f, ;, are partial linearizations of f; < f depending on y’s only,

14

Zfiz ’ hiz : giz’
where g; are partial linearizati~ons ~of g, >g. Notice, in the last summand §; also
depend on y’s, since deg, > f. - h,- §;, =deg, g for any m and g;, >g.

Let B be an F-algebra with unit such that T[B]=T . Since § ¢ I, there exist by,..., b,
€ B such that G(b, ..., b,) #0. Consider the substitution y; =---=y;, =1, x», =b1,...,
Xm, = by into §. Then the second and the fourth summands vanish, because g, g;, are
the sums of products of commutators. The third summand also vanishes; since f;, < f ,
this implies f; € T and ﬁl(y,,l,...,y,,k)|y1:1 =0.

Thus

g(1,...,Lby,....bm)y =0 g(b1,.... b ) #0,

where a € F, oczf(l,..., 1)#0, since féT. It means ¢ =0 is not satisfied in B, there-
fore 4 ¢ I'. Thus the lemma is proved. O

We have shown above that if char ¥ =0 the variety Var(G) cannot be generated by
an algebraic algebra of bounded degree over a field. This is not true in the case where
the field has nonzero characteristic.

Theorem 4. If an associative algebra B with unit over infinite field of characteristic
p>0 satisfies the Engel identity of some degree [y,x,...,x]=0, then Var(B) can be
generated by an algebraic algebra of bounded degree over some extension of the base

field.

Proof. We can assume that the field F is algebraically closed. Let I denote the ideal
of identities of B. Let F(X)=F(X)/T be the relatively free algebra corresponding to
I'. C(F{X)) denotes the centre of F(X), and J =J(F (X)) denotes the Jacobson radical
of F(X).
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If B satisfies the Engel identity of some degree [y,x,...,x] =0, then for some #,
[x?",y]le€T. Hence, x”" € C(F(X)) for any x € F(X). Var(F(X)) is a nonmatrix va-
riety; therefore, J is the verbal ideal generated by commutators. By the theorem of
Kemer [2] J is nil of bounded degree; denote this degree by k.

Consider § = {x”"“ |x € F(X)}, where p'>k, and the subalgebra C generated by .
Then using x?"€ C(F(X)), we have, for any c € C,

p

!

1%
n+i nt+l n " " n
- P P P ) P P
c= E ik - X] = E (ﬂ(,)xil . 4 ) = E Bayx{ ... x}

(1) (7) &

Here, x; € F(X), and ;) €F, P, is a solution of equation y"] =a;). Hence, for any
c€C ¢=xP". There are two cases: either x €J then ¢ =0, or x & J and ¢ also does
not belong to the commutator ideal. Therefore by Lemma 2 C is regular.

We construct using the central localization an algebra A ={ fc~! | f € F(X), c€ C}.
Since C is regular and C C C(F(X)) by the theorem of Rowen [3], T[4]=T. Let K
be the field of fractions of C. Then K C A and 4 is algebraic of degree p"*/ over the
field K. Indeed, for any a € 4

apn+l _ (fC_] )pn-H _ fpnw(cpnw )_1 —k where k€K,

because for any f € F(X), f #""" € C. Theorem 4 is thus proved. [

The author is grateful to A.R. Kemer for setting up the problem and his interest in
this work.
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